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Abstract 

Compactifications with fluxes and branes motivate us to study various enumer- 
ative invariants of Calabi-Yau manifolds. In this paper, we study non-perturbative 
corrections depending on both open and closed string moduli for a class of compact 
Calabi-Yau manifolds in general dimensions. Our analysis is based on the methods 
using relative cohomology and generalized hyper geometric system. For the simplest 
example of compact Calabi-Yau fivefold, we explicitly derive the associated Picard- 
Fuchs differential equations and compute the quantum corrections in terms of the 
open and closed flat coordinates. Implications for a kind of open-closed duality are 
also discussed. 
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1 Introduction 


Mirror symmetry is an efficient tool to compnte the ennmerative invariants of Calabi-Yan 
manifolds snch as Gromov-Witten invariants as first demonstrated in |1] to the qnintic 
threefold. The genns zero Gromov-Witten invariants are eqnivalent to the nnmber of 
holomorphic spheres in the manifold, and it is qnite natnral to ask whether one can 
consider more general ennmerating problem in the framework of mirror symmetry. One of 
these attempts has been nndertaken in [2] for the case of holomorphic disks in the compact 
Galabi-Yan manifold, and the disk partition fnnction for the qnintic threefold was clarihed 
(see also m- This open mirror symmetry prescription was snbseqnently developed in [H121 
[6] for other one- and two-parameter Galabi-Yan threefolds. By extending the holomorphic 
anomaly eqnation for the closed topological strings |7], the higher genns invariants for open 
topological strings have been also stndied [SI El DEI [n]. More mathematical treatment of 
disk ennmeration can be fonnd in |T2l US] for the A-model and [H] for the mirror B-model. 

As described in [2], in order to derive the disk partition fnnction of the open topological 
string, it is snfficient to introdnce the branes from the involntion on the Galabi-Yan 
manifold. However, this involntion brane does not have an explicit open string modnli 
dependence and therefore the strnctnre of open string deformation cannot be extracted 
from this “on-shell” formalism. Based on the earlier works of [I5l|16], the incorporation of 
open string modnli was carried ont in HZI for the case of compact Galabi-Yan threefolds. 
By stndying the associated Hodge strnctnre, they derived the Picard-Fnchs differential 
eqnations depending on both open and closed string modnli parameters. 

Thereafter, nsing the toric geometry prescription, an alternative and more efficient 
method to derive the eqnivalent differential system was constrncted in [18]. Interestingly, 
this formnlation implies that there exists a dnality between the off-shell open topological 
strings on a Galabi-Yan threefold with branes and the closed topological string on a 
Galabi-Yan fonrfold withont branes [IHllSni EI11221 [23|. 

Therefore the natnral qnestion is whether one can constrnct the off-shell formalism 
and recognize signs of a similar dnality in higher dimensions. On-shell mirror symmetry 
prescription and the direct calculation using the localization formula have been argued in a 
certain class of higher dimensional Galabi-Yan manifolds in several contexts. However, to 
the best of our knowledge, an explicit generalization including the open string deformation 
has not been elucidated in dimensions greater than three. The aim of this paper is to 
provide a hrst step to clarify this fascinating issue, which may have a wide range of 
applications. For instance, in the case of Galabi-Yan hvefolds, our prescription might be 
useful to compute the non-perturbative corrections in the effective superpotential of the 
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M-theory compactification studied in [2^ . 

This paper is organized as follows. First we take a look at the disk enumeration 
problem from the aspect of mirror symmetry in Section [2l It gives a brief introduction 
to the closed and on-shell open mirror symmetry in general dimensions. In Section [3l 
we describe how to incorporate the open string deformation into the present framework 
and construct the necessary ingredients via Hodge theoretical approach. Furthermore, 
we explicitly derive a Picard-Fuchs system associated with the open and closed string 
deformations for an example of compact Calabi-Yau hvefold. In Section |H we present 
another efficient formulation in terms of the toric geometry and show that the resulting 
differential system is equivalent to the one obtained in Section Ei Finally, in Section El 
we will also refer to the implications of the off-shell formalism for a certain kind of open- 
closed duality. Section [6] is devoted to the conclusion and discussion. We summarize the 
localization formulas for the related A-model computations in Appendix Monodromies 
under the analytic continuation in the moduli space is also discussed in Appendix [Bl In 
Appendix O, we discuss about disk two-point functions, and the differential equations 
derived in Section 0] is solved in Appendix 0 

2 Disk enumeration and open mirror symmetry 

In this section, we describe the disk enumeration problem on complex odd dimensional 
Calabi-Yau hypersurfaces from the viewpoint of mirror B-model. 

Let us consider a Calabi-Yau m-fold Xm +2 C defined by a degree m -|- 2 

Fermat hypersurface = 0 in a projective space CP"*’’"^. Its mirror manifold 

Ym +2 CP'"'*"^ is described by a resolution of a (Zm+ 2 )™' orbifold of the hypersurface 

mH-2 m+2 

>A.+2 : P(^) = yr' - (m + 2)^ l[m = 0, (2.1) 

i=l i=l 

in CP"*"*"^. Here ip denotes the complex structure modulus associated with the closed 
string deformation. The large complex structure point and the Landau-Ginzburg point 
in the moduli space are given hy ip = 00 and "0 = 0, respectively. The (Zm+2)”* orbifold 
which preserves the hypersurface constraint fl2.ip is dehned by 

^m+2 • [ 2/1 . Vi—I ■ Vi • Ui+l . Vm+l • ?/m+2 ] 

H- [ 1/1 : ... : yi_i : pyi : yi+i : ... : y^+i : p™+^?/r„+2 ], z = 1 ,..., m -M, ( 2 . 2 ) 

where p = Note that there are only m independent identifications due to the 

existence of overall rescaling induced by '^^+2 ^ ^m +2 x • • • x ■ 
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Next we consider the inclusion of branes. On the A-niodel side, we further introduce 
an involution brane on the Lagrangian submanifold Lm +2 = -^*+2 ^m +2 as the real 

locus which is dehned by the hxed points of an anti-holomorphic involution 

Xm+2 ]^[Xi\X2-. Xm+2 ]• (2.3) 

on Since Lm+2 — KP*”, we hnd Hi{Lm+2-,'^) — ^ 2 - This means that there are 

two choices for specifying the involution brane. In the A-model on Xm+2, let us consider 
the worldsheet n-point function on the disk D as 

(2.4) 

where the boundary dD is mapped to Lm+ 2 - Topological observables O^i of the A-model 
are dehned from the hyperplane class h of Xm +2 C CP”*"'"^. This n-point function can be 
regarded as a generating function of open Gromov-Witten invariants associated with the 
holomorphic disks ending on ^^+2 0 Note that fl2.4p is nonzero only if 

n „ 

E m - 6 , 

= +n, (2.5) 

i=l 

according to the dimensional analysis. In what follows, we concentrate on the case where 

m = 2m + l, m G N. (2.6) 

Instead of fl2.3l) . by using the automorphism group of the Lagrangian submanifold 

Lm+2 can be also dehned from hxed points under the identihcation 

X2i-1 t X2i, X2i t—)■ X2i-1, a^2m+3 a;2m+35 i = 1, . . . , tTl + 1. (2.7) 

The efficient way to compute the open Gromov-Witten invariants is to make use 
of the open mirror symmetry. In [H], by using the matrix factorization iza, a set of 
holomorphic two-cycles in X 3 wrapped by the B-brane mirror to the involution brane 
on L 3 was clarihed. Analogously, the mirror geometry of the Lagrangian submanifold 
Lm +2 C Ym +2 cau be described by 2 rri-dimensional two isolated holomorphic curves 

C± : y 2 i-i + 2 / 2 i = 0, i = 1,..., m -|- 1, 

m+l 

2/m ± \/(-l)"’-i(m + 2)?/> Yl y^j-i = 0- (2-8) 

i=i 

It would be interesting to derive this expression from the matrix factorization. 

^Direct calculation in the A-model via localization formula is briefly summarized in Appendix lAl 
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Let us consider a chain integral 


rc = j^^, (2.9) 

where is the holomorphic m-form on the mirror Calabi-Yau ¥^+2 depending on the 
complex structure modulus '0. L is an m-chain with the homologically trivial boundary 
c?r = C+ — C-, which means [C+ — C-] = 0 G iL2m(h0.+2, Z)- Clearly the cycle C+ — C- 
dehned from fl2.8p satishes this condition for all 0. This quantity is a higher dimensional 
analog of the tension of a BPS domainwall [2S] realized by a brane wrapped on P C 
Kj. In the case of Calabi-Yau threefold, it is well understood that this chain integral is 
related to the D-brane superpotential for the four dimensional M = \ supersymmetric 
compactihcations (see, for example [23,128] and references therein). Therefore, our result 
for Calabi-Yau hvefold is naturally expected to provide the “M-brane superpotential” in 
the super-mechanics theory considered in [21]. 

The integral fl2.9p is regarded as the on-shell disk partition function whose expression 
in the vicinity of the large complex structure point is given by [21] 


where c is a normalization constanto, and 




Y 


« rp + i) 


2 \ m+2 


2 , 


Z = 


((m -1- 2)'0) 


m+2 


( 2 . 10 ) 


( 2 . 11 ) 


is a local coordinate around the large complex structure point. The disk partition function 
02.1 op satishes the inhomogeneous Picard-Fuchs equation associated with (7+ — given 

by [211121E] (see also [3D1EB E2l E3]) 


Cr(z)= ^ 0 '" p;. C = 0’^*'-(m + i:)z\[{{m + 2)0, + k), (2.12) 

k=l 


where 9^ = zd/dz. The solutions to the homogeneous Picard-Fuchs equation 


CI{{z) = 0 


( 2 . 13 ) 


give the periods of the holomorphic m-form on the mirror manifold Ym+ 2 ^ which can 


be expressed by integration over the integer homology groupj as 


np(z) = [ Q{z), Tpe Hm{Ym+ 2 ,^), (2.14) 

^In Appendix [B] we see that this constant can be fixed by monodromy analysis as performed in [2] . 

^In general Calabi-Yau manifolds with complex dimension greater than three, we need to restrict the 
middle dimensional homology basis to lie in the primary horizontal subspace of homology. This restriction 
is a characteristic property of mirror symmetry in higher dimensions |34] . However, in our simple one 
parameter Calabi-Yau hypersurfaces Yn+2, this restriction becomes trivial. 
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where p = 0,... ,m. Solving the Picard-Fuchs equation (I2.13p . we obtain the closed string 
periods as 


1 dP 


p=0 


, nfep)^f;dhi±^>h±d±dz‘'+o 


d=0 


r(d + p + 1)™+2 


(2.15) 


Two of these solutions are expressed as 


d=0 


(dl) 


^ g + (m + 2)<1) - *(1 + ,1)] . 


(2.16) 


where \h(a;) = ^logr(a;) is the digamma function. The complexihed Kahler modulus t 
of Xm +2 is determined by the mirror map 


27rit = 


ni(^) 

no(^)' 


(2.17) 


It has been conjectured in [2S] (and later proved in [33]) that the disk partition function 


fl2.10p is related to the instanton part of the disk one-point function as 




2 P ^ P p 2 c-\{z) 


^ instantons /m—1(^) -^l(^) 

Here Ip{z) are inductively dehned by using closed string periods as 


(2.18) 


io{z) = no(z), 

Uz) = - 


Ip-liz) Ip- 2 {z) 


'h{z) ^Io{z)^ 


(2.19) 


which satisfy the relation^ 


Ib{z) = Im+i-b{z), b = 1,... ,m - 1. (2.21) 

"‘it has been shown in [33] that the genus zero Gromov-Witten invariants can be obtained from the 
formula for the three-point function on CP^ as 

+ ( 2 . 20 ) 

where q = and z{q) is the inverse mirror map derived from (12.171) . Utilizing this formula and a 
prescription of it is possible to find exact Kahler potential of the Kahler moduli space for Calabi-Yau 
fivefolds with one Kahler parameter. It would be interesting to obtain general expression for manifolds 
with multiple Kahler parameters as performed in |38j for Calabi-Yau fourfolds. 
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With the use of the mirror map (12.17^ . by expanding the right hand side of (I2.18p around 
the large radius point o = = 0, one obtains the degree d open Gromov-Witten 

invariant 


(Ohr^) 


D 


instantons 


( 2 . 22 ) 

d=l 

For example, the degree one open Gromov-Witten invariant of Xm +2 is given by 

=2("^ + 2)!!. (2.23) 


It is worth noting that the disk two-point functions are obtained from the disk one-point 
functions and the three-point functions on CP^ by 


(^OhP 


^m +2 

D 


p-1 

n 

k=l 




—p+fe O hm+p—k ^ 


X 2eq{Ohr.) 


m+2 


(2.24) 


where 6q = qd/dq. By using the results listed in Table [2H7] of Appendix lAj we can 
explicitly check this formula. We will revisit this formula in Appendix O 

In [29], a multiple covering formula for the disk one-point function in general dimension 
was found to be 


(O^rn) 


-(^771 + 2 

D 


instantons 


E 

d,n=l 


(-i)< 


m-l){n-l) ^open 


2n-l 


2d-lih'^) i2d-l)(2n-l) 

-g 2 


(2.25) 


where the factor (—is required to take (h"’) a positive integer. For the 
case of Galabi-Yau threefolds, by using the divisor equation {Ph)^ 2 d-i ~ {2d—l) {^)^ 2 d-i 
(see, for example. Section 26.3 in [32]), we hnd 


( 0 /.>D 


instantons 


20 ,( 0 ) 


.^5 

D 


instantons 



instantons 




d=l 


(2.26) 


Then, the above expression fl2.25l) certainly realize the well-known multiple covering for¬ 
mula for the real quintic 121 ns 


( 0 )? 


instantons 


E 

d,n=l 


open 

<d-i 


(2n- 1)2 


(2d-l)(2n-l) 

q 2 


(2.27) 


Here /{2d — 1) is a positive integer topological invariant which is called 

Ooguri-Vafa invariant [40] . 

®The open Gromov-Witten invariants with even degree are zero. This can be justified by identifying 
the disk partition function as a normal function whose expression is generically constrained under the 
shift t ^ t -\-l. See [2 [14] for more details. 
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3 Off-shell formalism via relative periods 


The geometric structure of open/closed B-model and the associated off-shell superpoten¬ 
tial depending on the open and closed string moduli has been studied from the viewpoint 
of AA = 1 special geometry [TSl 120] for the case of non-compact Calabi-Yau threefolds 


[IS US). In [T7| (see also [H]), the study of off-shell superpotential was extended to com¬ 
pact Calabi-Yau threefolds and the corresponding open/closed Picard-Fuchs equation was 
clarified. 

In this section, we utilize the method of na in general dimensions and explicitly 
compute the open/closed Picard-Fuchs equation for septic Calabi-Yau fivefold X 7 . Then 
we will solve the resulting differential system in the vicinity of the Landau-Ginzburg point, 
and also check the consistency with the on-shell result. 

3.1 Open string moduli and relative cohomology 

Let us introduce a 2rri-dimensional curve Cu depending on an open string modulus u in 
the mirror Calabi-Yau Ym+ 2 - This curve is not necessarily holomorphic, except at the 
value of u where the on-shell quantity is realized. Consider a chain integral 



(3.1) 


where F^J(^^) is an m-chain whose boundary is defined by dV^ = Cu- This is a higher 


dimensional analog of the off-shell superpotential defined in [TS] [161 HZ] Calabi-Yau 


threefolds. Here the curve Cu{u) is defined to yield the two holomorphic curves C± in 


fl2.8p at the critical points of fl3.1l) with respect to the variation of open string modulus. 


In order to study the moduli dependence of the chain integral fl3.ip systematically, 
it is convenient to introduce the notion of the relative cohomology group and the varia¬ 
tion of the mixed Hodge structure [151 UHl 13 • what follows, we will briefly look at 
mathematical preliminaries. 

Let us consider the divisor V embedded in the mirror Calabi-Yau manifold ¥^+2 
through the map i : V ^ ¥^+2 ^ The space of relative forms Vt*{Yrn+ 2 ,V) is subspace 
of the forms VL*{¥m+ 2 ) induced by the morphism i* : Q*{¥m,+ 2 ) H*(Y). Then we can 

define the relative middle cohomology H^{Ym+ 2 i V) from the complex of pairs H^(Ym+ 2 )® 

®In order to avoid the difficulties associated with non-holomorphic property of Cu, this curve was 
replaced by the holomorphic divisor V capturing the deformation of Cu in [miiiKn] for Calabi-Yau 
threefolds. We adapt this argument also in our higher dimensional case and replace the 2m-dimensional 
curve Cu with the holomorphic divisor V C Ym+ 2 - 
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Qp 1 -vi^ith differential d = + i*, —dy) as 

ker[ff’"(F^+ 2 ) ^ H^{V)] © coker^ H^-\V)]. (3.2) 

Since H^iV) is trivial, the first factor is equal to H^{Ym+ 2 ) and thus describes the closed 
string sector. The second factor is called variable cohomology of V [IB], which 

varies with the embedding i : V ^ Fm+ 2 - 

Correspondingly, one can consider the relative cohomology group H^{Ym+ 2 ,V) and 
construct a relative m-form S 


E={E,0eH^{Y^+2,V), (3.3) 

as a pair of an m-form S G hr™(Fm+ 2 ) and an (m — l)-form ^ G such that 

i*E — d^ = 0. The equivalence relation is given by 

E E +{da,i*a — d/3), (3.4) 

where a is an (m — l)-form on the mirror Calabi-Yau ¥^.+2 and /3 is an (m — 2)-form on 
the divisor V. The pairing between a relative m-cycle £“ in the relative homology group 
Hm{Ym+ 2 i y) and a relative m-form S G H'^{Ym+ 2 i V) is represented by 



As a result, we can define the relative period integrals 

iy{z,u)= [ n{z,u), r ei/™(F™+ 2 ,F,Z), (3.6) 

which can be regarded as a combination of the integral fl3.1l) and fl2.14p . Here IK.s,'?/) 
is the relative holomorphic m-form which will be later constructed as a residue integral. 
The relative homology basis £“ G Hm(Ym+2,V) captures the m-cycles Tp in fl2.14p and 
the m-chain T^i in fl3.ip . 

The convenient method to study the moduli dependence of relative periods is the 
variation of mixed Hodge structure. Since the standard Hodge decomposition 

0 H’i'P = W^, (3.7) 

p+q=m 

does not vary holomorphically under the complex structure deformation, it is convenient 
to use the Hodge filtration 

FP= ^ i7“’”^-“(£n+2,C), 

p<a<m 


p = 0,..., m, 


(3.8) 










in order to analyze the moduli space in the B-model. Note that 


V) ^ (3.9) 

Another ingredient which is required to dehne the mixed Hodge structure is the hnite 
increasing weight filtration 


Wm = H"^(Vm+2), Wm+l = ff"^(Vm+2, V), (3.10) 


satisfying the relation 

^ W^+i/W^. (3.11) 

Thus the filtration F^ fl Wm describes the Hodge structure associated with the closed 
string sector. 

The (mixed) Hodge structure can be naturally equipped with the Gauss-Manin con¬ 
nection V satisfying the Griffiths transversality such as VF^ C F^~^. As a consequence 
of this transversality, by acting V on the relative holomorphic m-form, we can derive the 
open/closed Picard-Fuchs equations governing the relative period integrals. 

A schematical picture of the variation of mixed Hodge structure is given by 



F^ n Wrr, F° n Wrr 


nhF 




dzA 


m+1 


■F^nw, 


m+l) 


( 3 . 12 ) 

where dz and du denote the infinitesimal closed/open string deformations on the space 
of the relative middle cohomology H'^{Ym+2, V), respectively. As we will see later, each 
constituent of the above structure can be expressed as a residue integral. 


3.2 The extended GrifRth-Dwork algorithm 

The Griffiths-Dwork algorithm [12] is to represent a holomorphic m-form on a hypersurface 
as a residue of a meromorphic (m -|- l)-form on a projective space. In [1^, this algorithm 
was extended to derive the Picard-Fuchs equation governing the relative period integrals of 
compact Galabi-Yau threefolds. Here we consider the case of higher dimensional compact 
Galabi-Yau manifolds Ym+ 2 - 

Let us first define the holomorphic divisor V C Ym +2 as 

m+l 

1/ : Q(0) ^ yZXl - 0 n = 0’ (3.13) 

i=l 
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where 0 denotes the open string modulus. Combined with the conditions y 2 j-i + y 2 j = 0, 
i = this divisor V yields two isolated holomorphic 2m-dimensional curve C± 

in fl 2 . 8 ll at the point 

0 = (m + 2)^p. (3.14) 

This means that (\/0)± = (m + 2)7p represent the critical points of the off-shell quan¬ 
tity fl3.ip . which are supposed to reproduce the correct on-shell result fl2.9p in a suitable 
manner. 

Due to the Griffiths transversality, a basis of the relative cohomology group H'^{Ym+ 2 i V) 
can be constructed as 


— ^m—l,mi ■ ■ ■ y '^0,my ^m—l,m+ly '^m—2,m+ly ■ ■ ■ y 

^ (n, ..., .... , 


(3.15) 


where the unique relative holomorphic m-form D in = FI'^'^{Ym+ 2 y V) is dehned by a 
residue integral 


n^'ljjy 0 ) 


logQ(0) A 
p(^) 


m+2 

A = '^{-lyyidyi A ■ ■ ■ A dyi A ■ ■ ■ A dym+2- 

i=\ 


(3.16) 


in terms of the polynomials fl2.ip and fl3.13p . Here dy^ denotes the exclusion of a com¬ 
ponent dyt and the integration is taken over a curve 7 in the projective space 
surrounding the hypersurface Ym+ 2 - 

The indices of the relative cohomology basis fl3.15l) are labeled so that each element 
corresponds to the constituent of the mixed Hodge structure described in the diagram 
(I3.12p . By taking the derivatives of D with respect to the closed string modulus tjj and open 
string modulus 0 , we obtain the residue integral representations for the closed relative 
m-forms 


T 2) k\ 


u 


PW 


1+k 


log (5(0) A, k = 0,...,m, 


(3.17) 


corresponding to the closed string sector and the closed relative (m — l)-forms 

r ^ 

7 r^_i_£,,H+i = -(m + 2)^H J i = (3.18) 

where 7 is a tube in CP"*’’"^ surrounding the intersection {P = 0} fl {Q = 0}. We have 
introduced the abbreviations for the monomials as 


m+2 m+1 

U = JJ 2/i, V = JJ j/i, 

i=l i=l 


(3.19) 


10 















which satisfy the useful formulas 


^ _ Q(0) _ 1 dm+2P{'ip) 

il^ — (j) m + 2 il^ — ' 

and 

m+2 

( 1 _^-+ 2 )u-v= 5 ^J,, 

k=l 

where 

Ik—i k—l m+1 

* = n yr*'‘)yZtt'StP(ip), k^i,...,m + i, 

™ + ^ i-1 i.t+i (3.22) 

^m+1 

Jm+2 = - —Vi'^dm+2P{ij)- 

m + 2 

The next step to obtain the Gauss-Manin connection associated with the open/closed 
Picard-Fuchs operators is to find the derivatives of the basis elements in ^ with respect 
to the open/closed string moduli. Some of the derivatives are, by definition, given by 


(3.20) 


(3.21) 



— l,m? 

k = 

1,2,.. 

.,m. 




k = 

1 ,2,.. 

.,m. 

(3.23) 


^k—l^m-\-l') 

k = 

1,2,.. 

., m — 1. 



In order to obtain other relations at the level of cohomology, we need to know the 
residne integral expression of the exact relative forms as well as the closed relative forms. 
The residue integral expression of an (m — 2)-form on the divisor V C l^m+2 is given by 

13= [ A ■ ■ ■ A dyt-■ ■ A dyj A ■ ■ ■ A dy^+2, (3.24) 

3^ i<j ^ ^ 


where qi{y) is a homogeneous polynomial of degree {k — l)(m + 2) + i{m + 1) + 1. By 
acting the de Rham differential, one can obtain the exact relative (m — l)-form as 


d/3 



qi{y)diP 

pk+lQi 


, qi{y)diQ 


dMy) 


A, 


(3.25) 


where di = d/dyi. Similarly one can also construct the exact relative m-form on 1^+2- 
Since the basis elements are now represented by derivatives of the relative holomorphic 
m-form G, from the linear differential system of one can constrnct the open/closed 
Picard-Fuchs operators £* satisfying 


Ci G(^/>, 0 ) ~ 0 , 


(3.26) 
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which also annihilate the relative periods (I3.6p . Here the symbol means that the 
equation holds at the level of cohomology. As we will demonstrate explicitly, in order 
to construct the open/closed Picard-Fuchs operators for Yra+ 2 , it is sufficient to find 
the expansion of dfpTTk^m+i and d^7ro,m+i in terms of the linear combination of the basis 
elements 'n'k,m+i, where fc = 0,1, 2 ,..., m — 1. 


3.3 Example: Septic Calabi-Yau fivefold 

As an explicit example, let us consider the septic Calabi-Yau fivefold Xj in the projective 
space CP®. First we look at the on-shell open Gromov-Witten invariants, which should 
be encoded in the off-shell formulation described above. Then we will explicitly derive 
the open/closed Picard-Fuchs equations and solve the system. 


3.3.1 On-shell open Gromov-Witten invariants 


The mirror geometry fl2.1l) of the septic Calabi-Yau fivefold with a closed string modulus 
V’ is defined by the homogeneous degree seven polynomial 


y? ■ = yl + yl + yl + yl + yl + yl + y 7 - 7V’i/i2/22/32/4i/5i/6i/7 = 

in the Z® orbifold fl2.2l) of the ambient space CP®. The Hodge diamoncjl 
septic has the form 


0, (3.27) 

of the mirror 


1 

0 0 

0 1667 0 

0 0 0 0 

0 0 18327 0 0 

111 111 (3.28) 

0 0 18327 0 0 

0 0 0 0 

0 1667 0 

0 0 

1 


As a mirror of the Lagrangian submanifold Ly = RP® in 02.31) , we consider two isolated 
holomorphic 4-dimensional curves 02.81) in the mirror septic Yj as 


C±-. 2/1 + 2/2 = 0, y3 + y^ = 0, 2/5 + 2/6 = 0, 2/? ± \/-^2/i2/32/5 = 0. (3.29) 

^For general aspects of Calabi-Yau fivefolds such as relation between cohomology groups and the zero 
modes/fluxes in the M-theory compactification, we refer the reader to [24] . 
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d 


1 

210 

3 

20238540 

5 

7164717071610 

7 

3323817979294765050 


d 

nd{hy 

1 

1009792 

2 

122239786088 

3 

30528671745480104 

4 

10378199509395886153216 


Table 1: The closed and open Gromov-Witten invariants for the septic Calabi-Yan hvefold 
Xj, which agree with the nnmbers in the literatnres [34] and [2^ . 


As described in fl2.1Up . in the vicinity of large complex strnctnre point z = l/{7'ipy = 0, 
the chain integral fl2.9p associated with the cnrves C± is given by 


,-'t{z)=2J2 


—- ^ 


((2 d-l)!!)' 

1 113163050 3 64861262508042 s 

= 210^2 H --- 2;2 -^- 2;2 + 


(3.30) 


9 


25 


The closed string periods no( 2 ;) and ni(^) are obtained by taking m = 5 in (12.161) . and 
the inverse of the mirror map fl2.17|) is 


z{q) = q- 56196g2 - 3330469926^^ + • • • , 


(3.31) 


where q = Note that the log^ solntion in fl2.15p . 


^^44 = - log^ ^ + (56196^ + 8067455550^2 + 2236047255069600^^) log^ 

no( 2 ;) 2 


+ 144256Z + 27148468032Y + 


73519578109500880 


(3.32) 


9 




can be regarded as a generating fnnction of the closed genns zero Gromov-Witten invari¬ 
ants as indicated in fl2.20p . 

.n 2 (j(«)) 


F{<,) = 7 


n(,(j(9)) 


J oo - oo 

-log2g + ^(C>;,3)gg^ = -log2g + ^nrf(h=^)Li2(g‘^), 


(3.33) 


d=l 


d=l 


where the snmmation in the last eqnality is referred to as the mnltiple covering formnla 
[43l l34] . The list of Gromov-Witten invariants nd{h^) are shown in the left of Tabled] 
The one-point open Gromov-Witten invariant of septic hvefold is obtained 

from (12.1811 with m = 5 (or m = 1) 




instantons 


2 , 2 c-W{z) 

h{z) ^h{z) ^ no(;^) • 


(3.34) 
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Substituting (I3.3ni) - (I3.33I) into (13.341) . we finally obtain 


Wd 


instantons 


4-7 a c ^T{z{q)) 

eiF{q) ^ no(^(g)) 

210g^ + 20238470^5 + 7164717071652g5 + ... . 


(3.35) 


where 6q = qd/dq and we have used a relation 9^ = Ii{z)9q. Plugging into the multiple 
covering formula (12.2511 . we obtain the positive integer invariants as listed in the 

right of Table [H 


3.3.2 Oflf-shell open/closed Picard-Fuchs equations 

Having discussed about on-shell properties, let us turn to the application of the off- 
shell mirror formalism in Section [3.21 to the septic fivefold. As mentioned in fl3.13p . the 
holomorphic divisor V <Z Yj depending on an open string modulus (j) is defined by the 
homogeneous degree six polynomial 

V : Q(0) = 2/7 - 02/12/22/32/42/52/6 = 0. (3.36) 

The basis of the relative cohomology group H^(Yj, V) is defined in (13.1511 as 


E — (^5,5) 712^5, TTi^s, TTo^s, 714^6, 7l2fi, TTi^g, TTo^e) 

= (fi, , (3.37) 


where ^(0,0) is the relative holomorphic five-form in (13.1611 with m = 5. All the basis 
elements can be represented by the residue integrals as summarized in (I3.17P and (13.1811 . 
In order to derive the open/closed Picard-Fuchs equations governing the relative periods 
(13.6p for the septic fivefold, we need to construct the linear differential system in terms of 
the relative cohomology basis (I3.37p . In the following, we will explicitly describe how to 
obtain nontrivial derivative relations. 

First, by using the aforementioned formula (13.2011 and the expression for the exact 
relative forms (I3.25P with m = 5, we can easily find that 


d^dl^ - 
dld^n ~ 


60 


0-0 


dln + 


- 00 ^, 


p3o , 110-50 2^ 5 

0 - 0 ^'^- ^ (0 - 0)2 ^ (0 - 0 ) 2 ^'^-’ 
3602 


( 0 - 0 ) 




180(50-30)^2^ , 10(20 + 0) 


(0 - (t>f 


-din + 


(0 - 0 )^ 


d^VL. 


(3.38) 
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Similarly, with the use of (I3.2np and (I3.25p . we obtain the relation among higher order 
derivatives as 


dAa ^ + ^9„9JS1 + ^9*9|a (3.39) 

+ :;j^spA 

for fourth order, 

^AM - ^9,9JS + ^9*2 + 

^AM - ^/AM + ^9*952 + ^9*9:a, 

^AM - ^9j9,a + ^/AA + ^9? 

+ :;^^AA 

for hfth order and 

^AA - ^/A 

dAA - + ^AA + 

9j9ja ^9j9ja+^9j9“a+^9j^a. (3.4i) 

ajsje - ^9j9,a+ ^9A0 +^9j9ja. 

959,a=^^9‘9,a+^9*9ja. 

for sixth order. 

The above relations are not sufficient for the closure of the relevant linear differential 
system. To fix the relations completely, we require an additional relation, which can be 
obtained by fl3.21l) . After a very long calculation, we obtain a relation for the sixth order 
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derivatives of the relative holomorphic five-form as 

16 211 Q'i 

(1 - ~ -y 0(0 - - — 0^(0 - 

- ^0^(0 - 70)0jfl - y 0^(0 - 70)ajfi - ^0®(0 - 70)0^^ - ^00(0 - 70)0^00^ 

- 9500^(0 - 70)0^0^fi - ^00^(0 - 70)0p0^n - y00'^(0 - 70)0p0^fi 

^ 9^ 12^ 

- g00'^(0 - 70)0^05^ - y0V(0 - 70)0j00fl - —0V^(0 - 70)0j0jfl 

S 12'i 

- 2O0V^(0 - 70)0j0jfi - -0V^(0 - 70)0j0jfi - —0^0(0 - 70)0j0^fi 

- y0^0^(0 - 70)0j0jfl - ^0V^(0 - 70)aj0^fl - ^0^(100(0 - 70) -t- 302)0j0^fi 

- ^0V(50(0 - 70) + 360^)0j0|fi - ^0V(0 - 0)0p0<A^l- (3-42) 


where we have used 03.201) and 03.25P repeatedly. 

As a result, we obtain closed relations for the expansion of and 0p7ro,6 in terms 

of the linear combination of the basis elements vr^^e ns 


and 


o„ o„ V'- 0 „ 

S«^4,. - 5^>r4,6. =4 

0-0 1 0-0 1 


d4>TTo,G ~ -7r4,6 H ^ - ^3,6 


6A 


7 ^ ■ 90(0 - 0)(0 - 70)3 72 • 65(0 - 0)(0 - 70)^ 

-^2,6 H-;n- 


6A 

7!!(0 — 'il)){(j) — 7 i/jY 
A 


6 A 


^ 0 , 6 , 


^ 7'^0(0 - 70) 7^ • 310(0 - 70)2 73 • 900(0 - 70)3 

^-^4,6-^H-^-7r2,6 


A 


A 


A 


72-650(0 - 70)^ 7!!0(0-70)3 

-^1,6 H--TTo^e, 


A 


(3.43) 


(3.44) 


where 


A = 0(0 - 70)® - 6®. (3.45) 

From the closed derivative relations 03.431) and 03.441) . now we can extract the associ¬ 
ated open/closed Picard-Fuchs operators which satisfy 03.26P and annihilate the relative 
periods as 


— Cidff), C 2 — 7^2005 


(3.46) 
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where £i and £2 are given by 


£1 = (^ - - G'ljjcpd^ - b'll), 

1 


(3.47) 


^2 — d^ds + 


6 


1 7!!(0- 

6^ A 


(9^ — 


65(0-^)(0- 7^)^ ^3 
6y4 ^ 


73 . 9 o ( 0 _^)( 0 _ 7 ^) 3^2 7 ^- 31 ( c />-^)(<^- 7 ^)\ , 7^(0 - ^)(0 - 7 ^) 

-C',/,-^-:-H- 


671 




671 


671 


(3.48) 


3.3.3 Solutions to the off-shell open/closed Picard-Fuchs equations 

Now that we have derived the Picard-Fnchs equations capturing the open string deforma¬ 
tion, in the remaining part of this section, we will solve the off-shell Picard-Fnchs equations 
f|3.46p in the vicinitv of the Landau-Ginzbure noint £ = 0. As nerformed in na, we also 
check that the inhomogeneous Picard-Fnchs equation fl2.12p can be reproduced at the 
on-shell point fl3.14p . 

In order to hnd the relative period integrals annihilated by £1 and £ 2 , we hrst specify 
the solutions determined by the factorized operators £1 and £ 2 . Let us consider a function 

x(^7,0) = 0-3(7V'- 0 )^A(m), (3.49) 


where u = 0(0 — 70)®. This function indeed satishes Cix = 0. By acting the operator £2 
on this ansatz, we obtain a differential equation for the undetermined function X{u) as 

5" 


On 9. 


6 


eu + ]A K + k + + ^ 


A(n) = 0. (3.50) 


We can easily hnd the solutions of this equation as 


A®+^(m) = - m e" 5F4 


t+l l+l (.+1 £+1 l+l . _u 
6 ’ 6 ’ 6 ’ 6 ’ 6 ’ 6 ® 
1+2 1+2, m 1++ i+6 
6 ’ 6 ’ 6 ’ 6 ’ 6 

. -V-' . 


= 0,...,4, 


(3.51) 


where the underbrace means that the unity is to be omitted. Their power series expansions 
are given by 


A®+^(m) = 


E 


r(*: + 


l+^\6 

6 y 


rm”fcSr'(6*: + < + i) 


U ^ 6 . 


(3.52) 


Next step to obtain the relative periods determined by £1 and £2 is to perform an 
integration of the solutions fl3.5ip with respect to 0 as represented by 


- c)’w'(c(7v - c)“)rfc. 


(3.53) 
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Evaluating these integrals, we finally obtain the relative periods involved with open string 
deformation as five independent solutions to the equations fl3.46p as 




„ oo 7k+£ 

nMjiEE- 

^ 6 k=0 n=k 


^ 1±£)6 




(6n + 1 + tj{7k — n + i)\{n — k)\ 




(3.54) 


Here we have labeled the relative periods associated with the closed string sector around 
the Landau-Ginzburg point as 


pi 


P+1 p+1 p+1 p+1 p+1 P+1.,/,7 
75 75 7) 75 75 7) + 

p+2 p+3 p+4 p+5 p+6 p+7 
,7’ 7’ 7’ 7’ 7’ 7 


p = 0,l,...,5. 


(3.55) 


As well as the closed string mirror map = n^(i/’)/n°('^) around the Landau- 
Ginzburg point, now we can also extract the open mirror map by 


n"(V') 

up to an overall constant. The inverse of these mirror maps are 


(3.56) 


= -It 


20305273 




54486432000 

1 .7.^ 7^ 


(3.57) 


tH + 


6 2533 • 35 

73 

__^3^5 , 

233333.25 


217315 • 5 




75 


222320.65 


+ 


74 


229326. 19 




(3.58) 


Then, the higher dimensional analogue of the orbifold disk partition function W{t, i) in 
m is given by 




7 




1 


28310 215315 • 5 

7-1820089 
221316 + 


72 2.., 7-56813 fi.2i 70290137 , , 


2333 


231328 - 1235 


224322 .65 


(3.59) 


whose coefficients can be regarded as the orbifold disk invariants up to an overall nor¬ 
malization constant. It would be interesting to check whether these numbers can be 
reproduced from other independent calculations. 

Moreover, from the solution n®('^, 0), we can extract the on-shell disk partition func¬ 
tion around the Landau-Ginzburg point "0 = 0. By taking a difference of the period 
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n®(' 0 , 0 ) at the two critical points, we obtain 


Thcii’) - 17^=77^-n®('0,0)|y^=_^ 

1 


7^r(i)6^r(7fc + |)^ 


(3.60) 


which satishes the inhomogeneous Picard-Fuchs equation associated with C+ — as 
^'tlg = — l)( 6 'p — 2)(6'.0 — 3){9^ — 4:){9^ “ 5) — 'il^'^{9^ + 1)®] tlg = 

(3.61) 

Here we have replaced the standard Picard-Fuchs operator C in fl2.12l) into C' = —7®£'0 by 
taking into account the normalization of the relative holomorphic hve-form as described 
in Bin]. Therefore we conclude that the off-shell Picard-Fuchs equations fl3.46p certainly 
reproduce the on-shell properties. 


4 OfF-shell formalism via generalized hypergeometric 
system 

So far we have seen that the open/closed Picard-Fuchs equations for relative periods can 
be derived from the Griffith-Dwork method. In this section, we will describe more efficient 
method to obtain the same Picard-Fuchs system utilizing the generalized hypergeometric 
system and the gauged linear sigma model (GLSM). In the context of off-shell open mirror 
symmetry, this approach was initiated in [1911201 US] and has been applied for non-compact 
Galabi-Yau threefolds with toric branes. 

Analogously, the open/closed Picard-Fuchs equations for compact Galabi-Yau three¬ 
folds can be also obtained from similar framework of the toric geometry dHl ED sa SSj. 
For mathematical details, we refer the reader to |16] . Here we will apply this prescription 
to the higher dimensional Galabi-Yau hypersurfaces Xm+ 2 - For the septic Galabi-Yau five¬ 
fold Y 7 , we explicitly demonstrate that a system of differential equations obtained from 
this approach is indeed equivalent to the Picard-Fuchs system derived in the previous 
section. 

4.1 Generalized hyper geometric system for period integrals 

As pioneered in m, various Galabi-Yau manifolds can be realized as the IR fixed points 
of two dimensional M = (2, 2) GLSM. For example, the abelian GLSM corresponding to 
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the Calabi-Yau hypersurfaces Xm +2 with one Kahler modulus contains a chiral superheld 
P = $0 with U{1) charge —m — 2 and m + 2 chiral superhelds with U{1) charge 1. 
These chiral superhelds interact with each other through a gauge invariant superpotential 
W = PG(<hj), where G(<hi) is a homogeneous degree m + 2 polynomial. The structure of 
this model is determined by the U{1) charge vectors of the chiral superhelds 

^ = (^0, ^1, h, ■ ■ ■, ^m+ 2 ) = {—Tn — 2,1,1 ..., 1). (4.1) 

as the toric data. As an example with multiple Kahler moduli, one can also consider more 
general m-dimensional Calabi-Yau hypersurfaces X described by GLSM with 

a single superpotential W = PG(<hi) for n + 1 chiral superhelds P = $0 and <hi. Similarly, 
this system is hxed by n — m — 1 charge vectors 

r = a = l,...,n-m-l. (4.2) 

which satisfy the Calabi-Yau conditions Yl^=o ~ 0- 

As shown in [l 8 ] , a Calabi-Yau manifold Y mirror to X can be described by a Landau- 
Ginzburg theory. In the viewpoint of two dimensional M = (2,2) supersymmetry algebra, 
the mirror symmetry exchanges the left-moving supersymmetry generators as 

Q_ M Q_. (4.3) 

As a result, the lowest components (pi of the chiral superheld in the GLSM on X 
are related to the lowest components Yi of the twisted chiral superhelds in the mirror 
Landau-Ginzburg theory as 

Re(logY,) = -|0,|2 (4.4) 

in the sense of radius inversion symmetry known as T-duality. Similarly, the D-term 
equations of the GLSM on X depending on the complexihed Kahler moduli are mapped 
to the constraints 

n 

IfP = (-!)'" *" (4-5) 

i=0 

where parameters Za represent the complex structure moduli of the mirror manifold Y. 
The mirror Landau-Ginzburg theory also has a twisted superpotential W 

n 

W = (4-6) 

i=0 

subject to the constraints fl4.5p . from which the mirror geometry of Y can be specihed. It 
can be easily shown that the mirror geometry fl 2 .ip is derived from the Landau-Ginzburg 
superpotential fl4.6p with fl4.5p by using fl2.1ip and the change of variables Y* = 
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As a consequence, the period of the holomorphic m-form on Y can be constructed 
from fl4.6p and the resulting function is known to be annihilated by a set of differential 
operators of the generalized hypergeometric system of the Gel’fand-Kapranov-Zelevinsky 
(GKZ) type [HI EOl El] 


Vo, = VottQ^, 




1?>0 


A 

dai 


n 

1?<0 


A 

dtti 


- 1 ° 


(4.7) 


Here we have introduced the parameters a* by scaling the coordinates as 17 —)■ Ojl^ such 
that nr=o^i” ~ constraints fl4.5p are thus replaced by 

n 

11 “?=(- 1 )'“^- (-*■«) 

1=0 


In general, the standard GKZ system dehned from Va contains redundant solutions 
as well as the periods [50]. One common method for hnding the full set of periods is 
to normalize Va into Va as dehned in fl4.7p and factorize the resulting expression. For 
example, the differential operator fl4.7|) for the Galabi-Yau hypersurfaces Xm +2 specihed 
by the charge vector (14.ip takes the form 


V 


m+1 


-{m + 2)z JJ ((m + 2)6, + k) 


k=l 


(4.9) 


where we ignored an overall constant 1/aoai • • • 0 ^+ 2 - Then one hnds the Picard-Fuchs 
operator dehned in fl2.12p as an irreducible lower order component of the operator (14.9p . 


4.2 Extended GKZ system for relative period integrals 

Let us turn to the inclusion of open string deformation in higher dimensional Galabi-Yau 
manifolds from the viewpoint of toric geometry. This can be achieved by introducing 
the toric branes as hrst demonstrated for non-compact Galabi-Yau threefolds in [HI I5B] . 
Recall that the m-dimensional Galabi-Yau hypersurfaces Xm +2 can be dehned by a single 
U{1) charge vector in (14.111 . In this setup, the oh-shell open mirror symmetry can be 
formulated as follows. 

First we consider the set of “enhanced” U{1) charge vectors dehned by 

l = i-m- 2 , 0, 0), T = (-l,p,0,^.^q, l; 1, -1), (4.10) 

mH-2 m+1 
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where the last two entries represent the U{1) charges of newly introduced chiral superhelds 
of the GLSM on Xm+ 2 , say <hrn +3 and <hm+ 4 E Note that the sum of the charges in each 
vector must be zero due to the Calabi-Yau condition. Let z and 'z be closed and open 
string moduli associated with charge vectors I and 1. According to the formula fl4.5l) . we 
obtain 

, m+2 

= ( 4 . 11 ) 

^0 i=i 

and also 


^m+2^m+3 

hofdn+4 


( 4 . 12 ) 


as an additional constraint. Here the new coordinates fdn+s and Ym +4 are mirror dual 
to the lowest components of the superhelds <hm +3 and <hm+ 4 , respectively. Taking into 
account the contributions from Ym +3 and LA +4 in the twisted superpotential (14.61) . we 
obtain a dehning equation of a submanifold 


m+l 

ymt2 ++ = (4-13) 

i=l 


as well as the mirror geometry (12.ip . This implies that the enhanced charge vectors 
(I4.inp indeed capture the holomorphic divisor (13.131) if we identify the off-shell open 
string deformation parameter as 


0 = — (m-|-(4-14) 

Comparing with (|3.14|) . we hnd that the on-shell behaviour can be realized by taking 

z = -l. (4.15) 

Now we move on to the derivation of associated hypergeometric system. By changing 
the basis of the charge vectors (I4.10p . we choose 

i^ = i-T= (-m-1, 1,1,^■■,1 ,0;-1,1), i‘^=T= (-1, 0,0,^..,0 ,1; 1,-1), (4.16) 

m+l m+l 

for later convenience. Correspondingly, the associated moduli parameters are transformed 
into the form 

zi = z^^, Z2 = z (4.17) 

®This set of charge vectors can be regarded to describe a non-compact Calabi-Yau (to-|- l)-fold without 
branes in a similar fashion as argued in |21j . We will revisit this aspect and its implications in Section [5l 
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to satisfy the constraint (I4.5p . 

Snbstitnting the set of U{1) charge vectors fl4.16p into the general formnla of GKZ 
operators fl4.7p . we obtain differential eqnations of the extended GKZ system of Galabi- 
Yan hypersnrfaces Xm +2 with a toric brane as 


Pi = 


m+1 


+ JJ ((m +1)01+ 02 +A:) 


k=l 


( 01 - 02 ), 


V 2 = [02 + Z2{{m + 1)01 + 02 + 1 )] (01 - 02 ). 


(4.18) 


As already mentioned above, this kind of GKZ system can be factorizable. Indeed, we 
see that (m + l)Vi + 0 ™'D 2 = [{'m + l)0i + 62 ] T>i, where 


Vi = 


(1 + ^ 2 ) 0 )” + + 1)^1 {[rn + 1)01 + 02 + fc) 


k=l 


( 01 - 02 ). 


(4.19) 


Note that in order to inclnde the closed string sector and obtain a complete system of 
differential eqnations, we also need to consider one more operator associated with the 
charge vector / = /i + ^2 given by 


m+2 

P 3 = 0-+102 - n + 1)^1 + d 2 + k). (4.20) 

k=l 


Again we can factorize the operator as (m + 2 ) 1)3 + 0]"^2 = [ijn + l)0i + 02 ] ^^3 where 




m+1 

(02 — ^ 2(01 — 02 )) 0 ]” — ("^ + 2 )^ i ^2 ((m + 1)01 + 02 + fc ) 

k=l 


(4.21) 


Eventnally we hnd that a complete set of differential eqnations from the extended GKZ 
system is determined by {Di, D 2 , ^^ 3 }. In the following section, we will investigate several 
aspects of this system and verify that the toric geometry approach for higher dimensional 
Galabi-Yan hypersnrfaces indeed satisfy nontrivial checks. 


4.3 Picard-Fuchs equations from extended GKZ operators 

4.3.1 On-shell disk partition function 

Here we will hrst explicitly show that from the solutions to the extended GKZ system, 
the on-shell disk partition function 02.1 Up is precisely reproduced at the specihc point of 
moduli space. 

Recall that the expression 02.101) is expanded around the large complex structure 
point z = 0. According to 04.151) and 04.17p . the on-shell solution should be realized from 
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the expansion around (zi,Z 2 ) = (0,-1). Therefore, as performed in [IH] for the quintic 
Calabi-Yau threefold, it is convenient to reparametrize Zi and Z 2 as 

u = (—zi)~^^(l + Z 2 ), v = (—zi)^^, (4.22) 

so that the on-shell critical point is represented by m = 0. In these variables, we consider 
a kernel of the extended GKZ operators {Vi,V 2 ,V 3 } satisfying 

(^i - 02 )Toff(u, v) = VsTosiu, v) = 0. (4.23) 


Solving these equations, we hnd that the function Tqs takes the form 


Tos{u, V)='^ Oi, 
i,j=0 




(4.24) 


where the coefficients aij are subject to the following recurrence relations: 

(m -I- 2)i — j 
^ (m + l)(* + l)“*’^’ 

Ilk=i + 2 )(J -i) + {m + l)k) 


(4.25) 




i,j+m+l 2'ji _|_ ^ -I- _|_ Xjm+1 

To analyze the on-shell behavior, it is sufficient to look at the terms depending only 
on the variable v. With the use of the parametrization m = 2m -|- 1 (m G N), we further 
obtain the expression for odd dimensional Calabi-Yau hypersurfaces as 


®0,{m+l)(2d-l) 


nS((^ + 2 )( 2 d-l)- 2 fcO 

{2d - l )™+2 

((m + 2)(2d- 1))!! 


O0,(m+l)(2d-3) 


m+2®0,m+l5 


(4.26) 


(m + 2)!!((2d- 1)!!) 

where d G M. Taking a normalization such that ao,m+i = 2c(m -|- 2)!!, we see that the 
above solution leads to fl 2 . 10 l) as 

'ros{u = 0,v = z^^) = t{z). (4.27) 


4.3.2 Off-shell Picard-Fuchs equations 


Next, we will compare the system {T>i,'D 2 } of differential equations determined by ex¬ 
tended GKZ operators with our previously obtained open/closed Picard-Fuchs equations 
in fl3.46p for the septic Calabi-Yau hvefold. 

From fl2.1ip . fl4.14p . and fl4.17p . we can rewrite the variables Zi, Z 2 in terms of V’ and 
cj) as 


= 


((m 2 )-?/’)”'^V 


2^2 = 


(m -|- 2 )i/j 


(4.28) 
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Then the GKZ operators can be expressed up to overall constant factors as 


(4.29) 


Vi = ((m + + 0^ + 2)™ - (m + 1) ]^(6'^ - i + 1) 

k=l 

T^2 = [(V’ - - im + - 771-0] = Vid^'ip~^, (4.30) 

where 6^ = and 6^ = (pd^. Using 04.301) . the operator Vi can be further evaluated as 


^ 2^00 ^ = 


((r?7 + 2)0 - 0)0^0 [((tTI + 2)0 - 0)0.0 + 777 + 2]™' 

m 

-(m + l)™+i]Q(0^-7 + l) 


k=l 


000 


-1 


(4.31) 


Obviously, in the case of 777 = 5, the differential operator Vi in O4.30p agrees with 
the factorized Picard-Fuchs operator Ci in 03.471) . Meanwhile, using the operator Ci in 
03.46p . the remaining Picard-Fuchs operator £2 can be expressed as £' 2 ^ 0 , where 

£'2 = ^400 + 7 !! 0(70 - 0)^00 + 7 ^ ■ 650(70 - 0)‘^00 + 7 ^ • 900(70 - 0 )^ 0 ^ 

+ 7 ^ ■ 310(70 - 0)200 + 7 ^ 0(70 - 0 ), ( 4 . 32 ) 


up to an overall constant. Comparing with the operator V 2 in 04.311) . we hnd that 


V 2 = £' 2 . (4.33) 

Therefore it turns out that the kernel of the differential operators {£*10, £*20} constructed 
from the toric geometry prescription indeed coincides with that of the open/closed Picard- 
Fuchs operators 03.461) . 


5 Open-closed duality in higher dimensions 

In the previous section, we discussed the extended GKZ system associated with the charge 
vectors 04.161) which describes the open topological strings on the 7?7-dimensional Calabi- 
Yau hypersurface Xm+ 2 - Alternatively, we can also consider that these charge vectors 
describe a non-compact Calabi-Yau (777 + l)-fold Xm +2 embedded in the non-compact 
space without brane. To discuss this description more precisely, as considered in [ 21 ] for 
777 = 3, let us compactify the embedding space by further adding a chiral superheld 4*^+5 
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and an extra charge vector as 


/I = ( -m-1, 1, 1, 1, 0; -1, 1, 0 ), 

m—2 

? = ( -1, 0, 0, 0, 1; 1, -1, 0 ), (5.1) 

m—2 

? = ( 0 , - 2 , 0 , 0 , 0 ; 0 , 1 , 1 ), 

m—2 

where the last entry represents the U{1) charges of ‘hm+ 5 - Then one obtains the compact 
elliptically hbered Calabi-Yan (m + l)-fold whose base CP^ has the Kahler form 

associated with the extra charge vector 

Let ti and hj, i = 1, 2, 3 be the Kahler modnli and Kahler forms associated with 
the charge vectors /*. The generating fnnction of the classical intersection nnmbers 

A hi^ A ■■■ A are determined by the charge vectors as 

m -\-2 


Km+l — 


(m + 1)! 


E 






^21 ^22 ‘ ‘ * ^2 


m+1 


n,* 2 ,.--i*m + l=l,2,3 


2(m + 2) ^m+i 

(m + 1)! 


m + l m+1 , 
(m + 1)! ^ 


m + 2 
ml 




(5.2) 


where we have dehned 

t = ti t2i 

III 

CO 

(5.3) 

and correspondingly 

h = hi h2, 

CO 

III 

(5.4) 


Here we consider the odd dimensional case with m = 2m+l. Taking the volnme of the base 
CP^ to inhnity (Im s -A- oo) corresponds to the decompactihcation limit Xm+ 2 - 

In this limit, the following 2m independent two-point fnnctions on CP^ are relevant jj 

P = 1,... ,m. (5.5) 


These are the generating fnnctions of the degree d genus zero Gromov-Witten invariants 


and of X- 


0,d hl"‘ --m+2- 

We see that in the limit Im s —)■ oo, the hrst two-point functions in 
the two-point functions for the Calabi-Yan m-fold 


coincide with 


{Oh.O, 


\ ^m+2 


hpUh2m-ps/i^pl 


Im s^oo 




(5.6) 


®In the case of the quintic Calabi-Yau threefold, our {OhOh,s)^pi and correspond to 

112,2 and 112,3 in the Appendix A of m, respectively. 

^°For TO = 5, we will check this coincidence in Appendix iDl 
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The remaining two-point functions in (I5.5p are naturally expected to give the following 
off-shell disk partition functions in the vicinity of the large radius point: 




\ ^rn+2 




Im s—>-oo 


= ^ (O,.) 


\ ^m + 2 
Dry 


( 5 . 7 ) 


The last equality means that the marked point on CP^ for the operator 0^2m-p+i trans¬ 
formed into a boundary (or hole) on which the disk Dp can end. In other words, the 
boundary dDp of the disk Dp should be mapped to a real (2p -|- l)-dimensional subspace 
of the off-shell Lagrangian submanifold in Xm+ 2 - This relation is a higher dimensional 
generalization of the open-closed string duality for Calabi-Yau threefolds discussed in 
[19112011211^2]. It would be interesting to check this relation by explicitly dehning and 
computing the off-shell disk partition functions in the A-model. Note that even for Calabi- 
Yau threefolds, this problem has not been fully elucidated. 


6 Conclusions and discussions 

We studied the open and closed string deformations for a class of Calabi-Yau hypersurfaces 
in general dimensions. To formulate the open mirror symmetry and extract the generating 
functions for topological invariants, we employed two methods using 1) the Gauss-Manin 
system for the relative cohomology group and 2) the GKZ system associated with the 
generalized hypergeometric functions. We have shown that these independent approaches 
yield the same differential system even for higher dimensions. In particular, for the 
simplest case of the compact Galabi-Yau hvefold, we have explicitly derived the Picard- 
Fuchs system depending on the open and closed string moduli, and also evaluated the off- 
shell open Gromov-Witten invariants in the Landau-Ginzburg point and the large radius 
point. Moreover, to justify our present construction of the off-shell higher dimensional 
open mirror symmetry, we have conhrmed that the on-shell properties associated with 
the involution brane can be correctly reproduced at the specific values of the open string 
deformation parameter. 

Throughout this paper, we have paid attention to the compact Galabi-Yau hyper¬ 
surfaces. Meanwhile, as explored in |T9l [201 IIH], h can be possible to formulate the 
off-shell mirror symmetry for the noncompact Galabi-Yau in a similar way. To generalize 
our higher dimensional construction into the local Galabi-Yau m-folds may shed light on 
novel aspects of the local mirror symmetry [5l] and the geometric engineering [55] . 

From the viewpoint of flux compactifications, the closed string periods are related 
to the Gukov-Vafa-Witten type flux superpotential [SB], and the relative periods are 
correspond to the superpotential arising from branes wrapping the internal cycles of the 
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manifold. Although it is not obvious whether our result for m > 5 can be useful for the 
space-time compactification, there exists a possible application for the case of m = 5, 
namely the Calabi-Yau fivefolds. Indeed, in [2l] , the flux compactification of M-theory on 
Calabi-Yau fivefolds and its relation to the one-dimensional super-mechanics theories has 
been intensely studied. Naively we expect that holomorphic disks in Calabi-Yau fivefolds 
considered in this work are related to the superpotential in the 2a sector of this theory. 
It would be quite interesting to contemplate whether one can apply higher dimensional 
mirror prescription into this fascinating setup. 

Further study on the open-closed duality is also important. Although we have shown 
that the charge vectors for brane geometry defined in the off-shell mirror formalism are 
naturally interpreted to describe another manifold without branes, a more detailed anal¬ 
ysis is required to understand the correspondence completely. It would be necessary to 
reinterpret the off-shell mirror symmetry in the A-model viewpoint for the brane geometry 
and find the whole structure of the closed Gromov-Witten partition functions for higher 
dimensional Calabi-Yau manifolds with multiple Kahler parameters for the closed dual 
geometry. 

Finally, we comment that there is another interesting direction for the future research 
about higher dimensional Calabi-Yau manifolds. It has been clarified that the Type 
IIB superstring on AdS^ x admits an A-model formulation through the pure spinor 
formalism and it was shown in [57] that the Coulomb branch of this model can be captured 
by a GLSM on a superprojective space. Thus one can expect that to analyze the A- 
model on the specific Calabi-Yau supermanifolds may provide some insights into the 
AdS/CFT correspondence from the worldsheet perspective. Since this particular type 
of supermanifolds are supposed to be related to the (typically higher dimensional) local 
Calabi-Yau varieties by means of reversion of Grassmann parity of the fibers [58] , it would 
be quite useful to establish the higher dimensional local mirror symmetry by modifying 
our present construction and the works in [TD] [201 [16]. 
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A Direct Calculation in the A-model via localization 

In this appendix, we describe how to compute the closed and open Gromov-Witten invari¬ 
ants of higher dimensional Calabi-Yau hypersurfaces in the A-model via the localization 
[59] . The direct enumeration of the holomorphic spheres and disks can be done by using 
the localization. 

A.l Counting holomorphic spheres 

Here we consider the Calabi-Yau m-fold Xra +2 C defined by a degree m -|- 2 

hypersurface in the A-model. Let be observables defined by the elements h* G 
7/2*(CP"*+i^C), where h e is the hyperplane class of CP’"+^ The genus 0 

and degree d Gromov-Witten invariant is defined by 

L c^m+2)d+ii£d)evl{hn---ev:ihP-), (A.l) 

JMo,n(CF'^+'-,d) 

where Ato,n(CP™^^, d) is the compactified moduli space of degree d and n-pointed stable 
maps from genus 0 stable curves to CP™'"''^. The map evi is the evaluation map at 
the Ath marked point from the moduli space Ato,n(CP”^’''^,d) to CP™^^. Here £d = 
(m-|-2) denotes the coherent sheaf on Ato,n(CP™''''^, d) associated with 
the direct image under the forgetful map 7r"+b Ado,n+i(CP™''''\ d) —)■ Alo,n(CP™''''\ d) 
of the pullback of 0^pm+i[m + 2) by the evaluation map at the (n -|- l)-th marked point. 
Note that, in order to obtain the nontrivial quantity in flA.lll . the constraint!^ 

n 

= —3, (A.2) 

i=l 

should be satisfied. 

The Gromov-Witten invariants flA.lD can be computed by using the Atiyah-Bott fixed 
point theorem for the T’^+^-equivariant action on the embedding space CP"*’’"^. This torus 

^^The complex dimension of the moduli space is dime d) = {m + 2)d + m — 2 + n, and 

the rank of coherent sheaf £d is (m + 2)d + 1. 
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d = 1 


d = 2 


d = 3 



Figure 1: Tree graphs without marked points up to degree d 


3 



Figure 2: Tree graphs with one marked point w up to degree d = 3 


action by is equipped with the equivariant parameters Ai,...,Am+ 2 - 

The T"*'+^-equivariant action induces an action on 2Wo,n(CP™'^^, d). The connected com¬ 
ponents of the hxed points of them are labeled by the tree graphs F which consist of the 
vertices v G Vert(T) and the edges e G Edge(T) with degrees de E N whose summation 
is hxed by 

d= (^-3) 

eGEdge(r) 

Here each vertex v G Vert(T) is labeled hj iy G {1,..., m -|- 2}, and two different vertices 
connected by an edge e G EdgeiV) should have different labels iy ^ iy. In addition, 
each vertex v G Vert{V) is also colored by a set Sy C {1,... ,n} induced by the marked 
points which satishes 

n}= ^ Sy. (A.4) 

v^Vert{T) 

Some of the tree graphs with and without marked points are described in Figured], [21 and 

El 

Let Air be the set of hxed points in A4o,n(CP”^’'"^, d) labeled by the tree graphs F, and 
e be the equivariant Euler class of the normal bundle to ATr- By the Atiyah-Bott 
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Figure 3: Tree graphs with two marked points wi,W 2 up to degree d = 2 
fixed point theorem, one obtains 






r \^ut{T)\ 

0 = C(^rn+2)d+i{^^d)evl{hP^) ■ ■■ev^{hP"), 

where : A^r ^ A^o,n(CP”*’''^, d) is the inclusion, and 

I Ant (F) I = (order of the automorphism group of F) 
X (product of the degrees of edges). 


The integration in flA.Sp is decomposed as 

n £m(a.,...,a„«). n f".(Ai ,..., A 


'Air 


i^M,] 


m+2 ) 


e£Edge{r) 


v£Vert(r) 


where 


F/ij(Ai,..., Am+ 2 ) 


n (m+ 2 )de a^i+{{m+ 2 )de-a) Xj 

a=0 dp 


-i)''-ff(A,-A,)^''.nrj:T« 


m +2 f+cie f a\i + {dp-a)\j _ ^ 


(A.5) 


(A.6) 


(A.7) 


(A.8) 


is the contribution from an edge e G Edge{r) which connects two vertices labeled by 
and 

yPv rn +2 

i^(A...... A„«)=n 


ft I oA \ A^hA-1 

((m + 2 ) Aj ) 


val{v)— 3 +Sv 


X 


n 


dp^ 


E 


dp 


flags F={v,a) ^ \ flags F=(v^a) ^ 


(A.9) 


is the contribution from a vertex v G Vert{r) labeled by i. Here val{v) is the valency 
of the vertex v which means the number of flags F = [v, a) associated with the vertex 
V. Each flag F = (n, a) consists of an edge Cq, which connects two vertices v and a 
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d 

nd{h^) 

nd{h^, h^) 

nd{h^, h^) 

1 

253490796 

763954092 

1069047153 

2 

9757818340659360 

93777295128674544 

156037426159482684 

3 

897560654227562339370036 

17873898563070361396216980 

33815935806268253433549768 


Table 2: Closed Gromov-Witten invariants for the Calabi-Yau sevenfold Xg 


labeled by ja- The variable is the cardinality of Sy = {wi,..., C n}, 

where X]^eVert(r) Sy = n from (|A.4p , and 


Pv = 


a=l 


P'U 


(A.IO) 


for {PhPi ■ ■ ■ HA.Sp . one can compute the total number of degree d rational 

curves in the Calabi-Yau m-fold Ym+ 2 - Even though the expression flA.7p depends on 
the equivariant parameters, by summing up all possible tree graphs in flA.Sp . one obtains 
rational numbers. 

Let us consider the generating function of the Gromov-Witten invariants flA.ip given 
by the n-point function on CP^: 


{OhPl ■ ■ ■ OhPn) 


-^771 + 2 
,1 


instantons 




(A.ll) 


d=i 


It was conjectured in [60] that the multiple covering formula for this kind of n-point 
function is given by 




instantons 


d=l k=l 


(A.12) 


where nd{h^^,..., h^") take integer values. The results for some one- and two-point func¬ 
tions for m-dimensional Calabi-Yau manifolds are listed in Table [2] (for m = 7), Table [3] 
(for m = 9), and Table H] (for m = 11). 


A.2 Counting holomorphic disks 

In the following, we consider the odd dimensional Calabi-Yau hypersurface Xm +2 with 

m = 2m -I- 1. (A.13) 

Let Lm +2 = -^m +2 & Lagraugiau submanifold in Xm +2 which is the real locus dehned 

by the hxed points of an anti-holomorphic involution on CP”*’’"^: 

X2i-1 G-)- X2i, X2i e-)- a;2i-l, X2m+3 G-)- a:2m+35 (^-14) 
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d 

nd{h'^) 

h®) 

1 

69407571816 

307393401172 

2 

1141331429965005402156 

18502500911901094328812 

3 

54092342700646414182478412213976 

1956023268644595599036553129234708 

d 

nd{h^, h^) 

nd{h^, h^) 

1 

695221679878 

905702054829 

2 

63961167525267587307458 

96846834660195439038593 

3 

9166866145651267306745680150978774 

15543750432092710582980268877325624 


Table 3: Closed Gromov-Witten invariants for the Calabi-Yau ninefold Xu 


where i = The degree d disk Gromov-Witten invariant (see [6T1 [62] for a 

mathematical detail) of Xm +2 is dehned by 




A^O,n(CP"*+VCPR+hrf) 




(A.15) 


Here d) is the moduli space of degree d and n-pointed stable disk 

maps to where the boundary of the disk dD is mapped to the Lagrangian CPJ^"''^ 

obtained as the set of hxed points of flA.14D . e(£^*) is the Euler class of a real vector bundle 
on A4£)^„(CP™''''^/CPJ^’'"^, d) with real rank [m + 2)d + 1. We do not give a mathemat¬ 
ically rigorous dehnition of (1A.15I1 . Instead, as in [29], we follow the dehnition in |I2] for 
the quintic Calabi-Yau threefold, and assume that their analysis can be straightforwardly 
extended into higher dimensions. As in flA.2p . then one hnds the following condition for 
obtaining the nontrivial quantity: 


n 

E m — 3 / , X 

Pi = ^—+n. (A. 16) 

i=l 

As was described in Appendix lA.ll let us apply the Atiyah-Bott hxed point theorem 
to compute the disk Gromov-Witten invariant flA.lSD . As performed in [12], we consider 
a subtorus C which preserves the Lagrangian Lm +2 as 



: X2i-1 e- ^iX2i-l, X2i e- iiX2i-, a^2m+3 X2m+d,-, 

(A.17) 

where i = 1, 

..., m-|-l. The T’"+Lequivariant parameters Ai,..., A^+i on Lm +2 

are dehned 

by [12] 


P*{^2i-l) — —p*{^2i) — ^i, P*{^m+2) — 0, 

(A.18) 

where 


P- Q[Al, . . . , Am+i] ^ Q[Ai, . . . , Am+2]- 

(A.19) 
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d 

nd{h^) 

1 

22292891367552 

2 

213784310853904983595932672 

3 

7334754565028499250611499436120804633472 

d 

nd{h‘^,h^) 

1 

132851852317704 

2 

5016156939319858820675234112 

3 

393681022044306633159040293084738738617256 

d 

nd{h^, E) 

1 

428548261855948 

2 

28864547587341497987819790784 

3 

3354492048909382182232089138021915233392428 

d 


1 

844604779452382 

2 

83333583532522526645403196872 

3 

12807226634327588945692825517163202349337982 

d 

nd{h^,h^) 

1 

1055381615783157 

2 

118907743429844203896833928442 

3 

20218987604455477572463422690122440316972424 


Table 4: Closed Gromov-Witten invariants for the Calabi-Yau elevenfold X 13 


The T'"+Cequivariant action induces an action on d), and the con¬ 

nected components of the fixed points are labeled by open tree graphs T. Each tree graph 
r consists of vertices v G Vert{T), edges e G Edge{T) with degrees de G M, and also a 
half-edge e with an odd degree do- The total degree of T is given by 

d = do + 2 ^ de- (A.20) 

e^EdgeiV) 

The each vertex v G Vert{T) is labeled by G {1,..., m -|- 2} and also colored by a set 
S't, C {1,..., n} in flA.4p . The each edge e G Edge{T) connects two different vertices v,u 
with different labels iv 7 ^ iu, whereas the half-edge e' have only one vertex v. Some of the 
open tree graphs with and without marked points are described in Figure HI |5l andO 
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d = 1 


d = 5 



Figure 4: Open tree graphs without marked points up to degree d = 5 



Figure 5: Open tree graphs with one marked point w up to degree d = 5 


Then as discussed in 


(see also |63]), one expects 


{OhPl ■ ■ ■ OhPn) 


D,d 






\Aut(T)\ JMf e(iV;^p) ’ 


(A.21) 


if = e{8^)evl{hP^) ■ • •e<(hP"), 


where i^_ : Adp i^) is the inclusion. In analogy with [21 [12], the 

integration in (IA.2ip is supposed to be decomposed as 


j— q (]\^— ) ^ n ^ ^m+2) ■ Vi{Xi,..., xm+2) 

V Mf) e&Edge{f) ve.Vert{f) 

X -F?(Ai, . . . , A2m+2), 


(A.22) 


where F^ij(Ai,..., Am+ 2 ) and Vi(Ai,..., Am+ 2 ) are dehned in flA.Sp and flA.Qp . respectively, 


35 






































: = 1 


d = 3 


1 ^2 1 


Wi 
W2 

-e-e 


1 


1 ^1 1 W2 

-©-© 


I W2 I 


d =5 


Wj_ 

3 ^2 1 

-©- 


Wit/ 


1 W2 


1 WIW 21 


Wi 


0 

i 

1 

-©- 

j 

1 W 1 W 2 I 

—0 

k 

W 2 2 





-©- 

-© 

i 

i 

k 

i 

i 

1 

1 1 

Witl 



-©- 

-©- 

—© 


W 2 

-©— 


1 Wi 1 

-©-© 


W 2 

-e 


W 2 

-©— 



Figure 6: Open tree graphs with two marked points Wi,W 2 up to degree d = 5 


and 


, A2m+2) — 


f iM:i- 1 ^ aA^+((m+2)do-a)A,(^) 

I -LJ lla=0 do 


- A,„))* nzZm n^-’o 


2m+2 


f a\t+{do-a)X^ 


W 




do 


Afc 

(A.23) 

for the half-edge 'e with a vertex labeled by £ in F. Taking into account the relation in 
flA.lSp . the equivariant parameters in flA.22p should be restricted as 


A2i-1 — —^2i-i Am+2 — 0. 


(A.24) 


Accordingly, for the vertex labeled by i with the half-edge 'e in flA.Qp . we need to consider 
that 'e in the flag connects the vertex labelled by i and the virtual vertex labelled by cr(t'), 
where cr(2i — 1) = 2 i, a{2i) = 2i — 1, and a{m + 2) = m + 2. 

The n-point function on the disk D gives the generating function of the open Gromov- 
Witten invariants flA.lSp as 


{OhPl ■ ■ ■ OhPn) 


D 


00 


instantons 


= ^ {^hPl ■ ■ ■ OhPn )D^d-l q 2 


d=l 


(A.25) 


For the multiple covering formula, it is natural to consider that one can generalize the 
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d 

nT^{h^) 

h^) 

1 

1890 

1890 

3 

94563624960 

390888167040 

5 

16211885196706741080 

125320461870005007480 


Table 5: Open Gromov-Witten invariants for the Calabi-Yau sevenfold Xg 


d 



1 

20790 

20790 

3 

739689094281060 

3401855947080360 

5 

92349241505201808072653400 

813675420905155787309922360 


Table 6: Open Gromov-Witten invariants for the Galabi-Yau ninefold Xu 


formula for the one-point function in fl2.25p into the form 


(OhPl ■ ■ ■ OhPn}u" 

oo 


instantons 

oo 




(A.26) 


d=l 


k=l 


where ^ integer values. The results for some one- and two-point 

functions for m-dimensional Galabi-Yau manifold are listed in Table |5] (for m = 7), Table 
[6] (for m = 9), and Table [7] (for m = 11). 


B Monodromy analysis 


Following the prescription of [2], we will consider the analytic continuation of the inho¬ 
mogeneous solution (12.101) for the septic Galabi-Yau hvefold which takes the form 


c ^t{z) 


4 ^ T (n+ 1)^ 


(B.l) 


To perform the analytic continuation, it is convenient to use the Barnes type integral 
representation as 


c ^t{z) 


r(s+l)^ 


(B.2) 
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d 


1 

270270 

3 

9630787776863673420 

5 

1259056659533544456991412149863720 

d 

nT\h\h^) 

1 

270270 

3 

45988227483874635960 

5 

11540778289906173258398255936168040 

d 


1 

270270 

3 

52135755838174728720 

5 

13515613082202105997576568972577720 


Table 7: Open Gromov-Witten invariants for the Calabi-Yau elevenfold X 13 


By closing the contour on the right half plane, we can reproduce the expression in flB.lj) . 
Meanwhile, if we close the contour on the left half plane, we obtain 


—1 / \ 

c r{z) = — 


f; T.ih -'-i 


^r(-n + i)'- ■ ^ 7r(n)r(i - f)« 


E 


-r( 


n\p6TTinl7 


_ n _ ITT 01J.J. y 

Z 7e 2 . 


n=0 


cos^ 


(B.3) 


(-1)- 


The hrst term in (1B.3P changes 


Note that the residue of T{ks -f 1) at pole — f is 

1 27ri 1 

the overall sign under the monodromy transformation —)■ e . On the other hand, 

the second term in (IB.3P is a solution of the ordinary Picard-Fuchs equation for the closed 
string sector (I2.13p around the Landau-Ginzburg point z = 00 . 

By using the basis of the closed string periods around z = 00 given by 


Wj[Z) = 


E 


.r(E)e6>i«/7 


S7r(n)r(i-f)' 


r2: 7e 


27rijnl7 


j = 0 ,..., 6 


satisfying '^jZUj{z) = 0 and the identity 


(B.4) 


sin^ 


cos ■ 


27rn 4?™ bvrn 

= 2 sm- 2 sm-h 2 sm-, 

7 7 7 


(B.5) 


we hnd that the second term in (IB.3P can be represented by 

r3 


TT 


(ciJq -|- 2,ZU2 T 2 ZU 4 . -|- 2G7g). 


(B.6) 
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In the case of septic fivefold, the Landau-Ginzburg basis w = {wq, wi, W 2 i is 

related to the large volume basis 11 = (IIo, IIi, 112 , his, 114 , hls)^ by (see, for example [HI]) 


n 


/ 1 0 0 0 0 



_3 3 2 1 

7 7 7 7 

3 6 3 1 

7 7 7 7 

-4410 
-8 -4 -3 -1 
^ 1-10 0 


_ 1 

7 

0 

0 

-1 

0 


2 

7 


-4 


(B.7) 


thus we can also express fIB.Op as 

77^ 

— (eSHo + OSHi - lOOHa + SHg - 16n4 - 32n5). (B.8) 


In terms of the large volume basis, the monodromy matrix around the Landau-Ginzburg 
point is given by |H1] 


M = 


( 


1 

0 

0 

0 

0 


-1 

1 

0 

0 

0 

1 

-1 

1 

1 

0 

0 

1 

-14 

0 

7 

1 

0 

14 

-7 

-14 

7 

1 

1 

7 

7 

7 

-14 

0 

-1 

-6 


(B.9) 


As a result, the monodromy transformations of the solution t{z) under —)■ e ^7*^? is 

given by 


77 


r^-T- -n^. 


(B.IO) 


Suppose that the normal function associated with G+ — G_ (see [H] for details) is 
dehned by 

± c-vw. (B.ii) 

Since the Landau-Ginzburg monodromy transforms the classical terms as^^-l-i^—?- 
we hnd that the natural choice for the normalization factor is c = This 
result is consistent with the observation in the Appendix of [29]. 
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C On-shell disk two-point function 


In this appendix, we will verify the formula fl2.24p for the m = 2m + 1 dimensional 
Calabi-Yau hypersurface Xm+ 2 - 




^m+2 

D 


P-1 

n 

A:=l 


p+fc f^m+p—k ^ 


^m+2 

CPi 




^m+2 

CP^ 


X iphOh'^) 


D 


(C.l) 


Note that to obtain the expression fl2.24p . we need to use the divisor equation. 

Let Op be the observable in the mirror B-model on ¥^+2 corresponding to the observ¬ 
able OhP in the A-model on Xm+2- These operators obey the fusion rule [Ml ES] 

0,0, = .yjOp*,. i7 = (o,o,o„_,_,)j;;r, (C.2) 


where r/ is a constant. Two different factorizations of a four-point function by the fusion 
rule yield a relation [Ml l65] 

FfP-i 
llfc=0 -'g- 


yp _ 

9 


- q+k 


nc; 


From the fusion rule we have 


0,0, = ,y,'6,+, = X .,y,t,_.o,+, = Hx OiOp+,-i. 


rrP-2 y 1 
1 1A:=0 ^ q+k 


k k=l k 

Then we can expect a relation for disk two-point functions in the B-model 

P-l yl 


(0,0 ,)^""=^ (o.o,+,-i> 

k=l ^k 


14n+2 

D 


(C.3) 


(C.4) 


(C.5) 


For g = m — p -|- 1, this relation is nothing but the mirror dual of fIC.ip . 


D Solutions to the extended GKZ system 


For the mirror Calabi-Yau hypersurfaces TA+ 2 , the solutions of the extended GKZ oper¬ 
ators {Vi,V 2 ,'D 3 } constructed in Section l4M can be obtained by the Frobenius method. 
Starting with a function 


U{zi,Z2]pl,p2) 


E 

ki,k2=0 


F((m + l)(A:i + pi) + (^2 + P 2 ) + l) 
r(fci + pi + 1)™+iF(/c2 + P2 + 1) 


X 


ki+pi k2+p2 
Zi Z 2 


r( — {ki + pi) + (^2 + P2) + i)r((fci + pi) — {k2 + P2) +1) 


(D.l) 
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di 

= 0 

1 

2 

3 

4 

(^2 = 0 



-33264 

179259696 

-2237571970704 

40027599733373280 

1 


42 

656208 

-3581843328 

55738918811520 

-1223185862761241400 

2 


0 

542808 

79461962496 

-856482988616640 

20537586624138059952 

3 


0 

-546588 

81253624284 

19846726854555888 

-284642465082679915848 

4 


0 

378168 

-139738847220 

21927045021430752 

6747123319002262489104 

ndi,d2P 

di 

= 0 

1 

2 

3 

4 

(^2 = 0 



33264 

-179259696 

2237571970704 

-40027599733373280 

1 


-42 

353584 

3581843328 

-55738918811520 

1223185862761241400 

2 


0 

-542808 

42777823592 

856482988616640 

-20537586624138059952 

3 


0 

546588 

-81253624284 

10681944890924216 

284642465082679915848 

4 


0 

-378168 

139738847220 

-21927045021430752 

3631071746533555621612 


Table 8: Off-shell open Gromov-Witten invariants for the septic Calabi-Yau hvefold. Note 
that nd^^d 2 ,i = —^di,d 2 ,'i for di ^ d 2 and a linear combination nd^d,i + nd,d ,2 coincides with 
the closed Gromov-Witten invariants nd{h^) in Table [H 


we see that 2m + 1 independent solutions to "Dill = 1 ^ 21 ^ = T’sII = 0 corresponding to 
the variation of mixed Hodge structure fl3.12p are given by 


f d d \P 

n(^i) ^2j 0, 0), ff(^1; ^2) Pi) 0) J n(^i) ^2) Pi) P 2 )|pj=p2=o ’ 

where p = 1,... ,m. The classical Kahler moduli ti and ^2 of the A-model are obtained 
by logarithmic solutions as 


27r*ti = 


d 


TT7-n(2:i,2;2;pi,0)| 

Ho(2:1, ^2) opi 


Pi=0 ’ 


27lit2 = 


n, 


1 d 

7-n(2;i,2;2;0,p2)| 

i(Zl, Z 2 ) Op 2 


p2=0 ’ 


where we dehned a fundamental period as no(^i, Z 2 ) = n(zi, Z 2 ] 0, 0). 

As an example, we take m = 5 and consider the septic Galabi-Yau hvefold. As 
demonstrated in [21] for the quintic Galabi-Yau threefold, in the vicinity of the large 
radius point Zi = Z 2 = 0, we can obtain two independent double logarithmic solutions as 


Ti(ti, ^ 2 ) 


6 1 


2 (27ri)2no(zi,^2) dpi 


6 2 1 


E 

di ^d2=0 


n(^i,2;2;pi,0)|^^^o 

ndi,d2,iLi2(g^gf), 


(di,d2)^{0,0) 


(D.4) 
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and 


i /1 19^ 7 d'^ \ 


1 2 7 2 1 

= -t? + 7tit2 H-to + 7- 

2 ^ 2 ^ (27rt)2 


nrJ,A,2Li2(9?‘?2’), 


(D,5) 


di ,^2=0 
(di,d2)/(0,0) 


where we have used the mirror maps flD.3D and g* = The coefficients nd^^d 2 ,i, 

are regarded as off-shell open Gromov-Witten invariants and indeed take integer values 
as listed in Table [HI Note that in terms of Section |H1 -Fi(ti,t 2 ) and Fi(ti,t 2 ) + F 2 (ti,t 2 ) 
have informations of the two-point functions for p = 1 in fl5.5p represented by 


(0/..0i4> 


-^7 

CPi 


Im s^oo 


and (OhOhis) 


CPi 


Im s—>-oo 


(D.6) 


respectively. Then from Table [8] we can conhrm the relation for p = 1 in fl5.6p : 


{OhOh^s) 


CPi 


Im s^oo 




(D.7) 


In a similar way, we can also check for the case of p = 2. 
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